Tomograms, a generalization of the Radon transform to arbitrary pairs of noncommuting operators, are positive bilinear transforms with a rigorous probabilistic interpretation that provide a full characterization of the signal and are robust in the presence of noise. Tomograms, based on the time-frequency operator pair, were used in the past for a robust characterization of many different signals. Here we provide an explicit construction of tomogram transforms for many other pairs of noncommuting operators in one and two dimensions and describe how they are used for denoising, component separation, and filtering.
Introduction
Integral transforms [1, 2] are very useful for signal processing in communications, engineering, medicine, physics, etc. Linear and bilinear transforms have been used. Among the linear transforms, Fourier [3] and wavelets [4] [5] [6] are the most popular. Among the bilinear ones, the Wigner-Ville quasidistribution [7, 8] provides information in the joint time-frequency domain with good energy resolution. A joint timefrequency description of signals is important, because in many applications (biomedical, seismic, radar, etc. ) the signals are of finite (sometimes very short) duration. However, the oscillating cross-terms in the Wigner-Ville quasidistribution make the interpretation of this transform a difficult matter. Even if the average of the cross-terms is small, their amplitude may be greater than the signal in time-frequency regions that carry no physical information. To profit from the time-frequency energy resolution of the bilinear transforms while controlling the cross-terms problem, modifications to the Wigner-Ville transform have been proposed. Transforms in the Cohen class [9, 10] make a two-dimensional filtering of the Wigner-Ville quasidistribution, and the Gabor spectrogram [11] is a truncated version of this quasidistribution.
The difficulties with the physical interpretation of quasidistributions arise from the fact that time and frequency correspond to two noncommutative operators. Hence a joint probability density can never be defined. Even in the case of positive quasiprobabilities like the Husimi-Kano function [12, 13] , an interpretation as a joint probability distribution is also not possible because the two arguments of the function are not simultaneously measurable random variables.
Recently, a new type of strictly positive bilinear transforms has been proposed [14, 15] , called tomograms, which is a generalization of the Radon transform [16] to noncommutative pairs of operators. The Radon-Wigner transform [17, 18] is a particular case of such noncommutative tomography technique (see also some aspects of the technical applications in quantum mechanics [19] ). The tomograms are strictly positive probability densities, provide a full characterization of the signal, and are robust in the presence of noise.
A unified framework to characterize linear transforms, quasidistributions, and tomograms was developed in [15] . This is briefly summarized in Sec. 2. Then Secs 3-7 contain an explicit construction of tomogram transforms for many pairs of noncommuting operators in one and two dimensions. Some of these transforms have been used in the past [20, 21] ; others are completely new. It is in the time-frequency plane that most signal-processing experts have developed their intuition, not in the eigenspaces associated to the new tomograms. Therefore, to provide a qualitative intuition on the way the tomograms explore the time-frequency plane, we have provided graphical spectrograms of the eigenstates on which the signal is projected by the tomograms. In Sec. 5, an interpretation of the tomograms is given as operator symbols of the set of projection operators in the space of signals. This provides a very general framework to deal with all kinds of custom-designed integral transforms both for deterministic and random signals. It also provides an alternative framework for an algebraic formulation of signal processing. Finally, we provide a detailed description of how tomograms may be used for denoising, component separation, and filtering of finite-time signals. The purpose of the present paper is to provide a unified mathematical construction of the tomogram transforms. For the specific applications of time-frequency tomograms, done in the past, we refer to [14, [20] [21] [22] [23] .
Linear Transforms, Quasidistributions, and Tomograms
Consider signals f (t) as vectors |f in a dense nuclear subspace N of a Hilbert space H with dual space N * (with the canonical identification N ⊂ N * ) and a family of operators {U (α) : α ∈ I, I ⊂ R n } defined on N * . In most cases of interest, U (α) generates a unitary group U (α) = e iB(α) . Whenever a ket-bra notation is used, |f ∈ N and f | ∈ N * . In this setting, three types of integral transforms are constructed.
Let h |∈ N * be a reference vector and let U be such that the linear span of { U (α)h |∈ N * : α ∈ I} is dense in N * . In { U (α)h |}, a complete set of vectors can be chosen to serve as basis.
-Linear Transforms
W (h) f (α) = U (α) h | f .(1)
-Quasidistributions
Q f (α) = U (α) f | f .(2)
